Abstract. We give a characterization of arbitrary n-mode Gaussian coherence breaking channels (GCBCs) and show that the tensor product of a GCBC with an arbitrary Gaussian channel maps all input states into product states. The inclusion relations between the sets of GCBCs, Gaussian positive partial transpose channels (GPPTCs), entanglement breaking channels (GEBCs) and Gaussian classical-quantum channels (GCQCs) are displayed.
Introduction
Quantum coherence is one of important topics of the quantum theory and has been developed as an important quantum resource in recent years (Ref. [1] ). Furthermore, it had been linked to quantum entanglement in many quantum phenomenon and plays an important role in fields of quantum biology and quantum thermodynamics ( [2] - [8] ).
In finite-dimensional systems, the theory of (quantifying) quantum coherence has been undertaken by many authors ( [9] - [16] ). Quantum operations relative to coherence have become important approaches and resources, such as incoherent operations.
In Section 3, we discuss the properties of the tensor product of a GCBC with an arbitrary Gaussian channel with entanglement inputs, and show that the tensor product of a GCBC and an arbitrary Gaussian channel maps all input states into product ones.
Its connection to the channel capacity is also discussed.
Characterizing GCBCs
We first recall some necessary notions.
Let H be the complex separable infinite-dimensional Hilbert space, T (H) the trace class operators on H. For the fixed reference basis {|i }, a state ρ is incoherent if ρ = i λ i |i i|; otherwise, it is coherent. Denote by I C the set of all incoherent states and I G C the set of all incoherent Gaussian states.
Definition 2.1 A channel Φ : T (H A ) → T (H B ) is called a Gaussian coherencebreaking channel (GCBC) if Φ(ρ) is always incoherent for any Gaussian input state
The aim of this section is to give a characterization of GCBCs.
Recall that an n-mode Gaussian state ρ is represented by
where W (z) is the Weyl operator, ν is the covariance matrix (CM) of ρ, which is a 2n×2n real symmetric matrix, and d is the displacement vector, which is a 2n-dimensional real vector. So a Gaussian state is described by its covariance matrix and displacement and
If Φ is an n-mode (Bosonic) Gaussian channel, then for any input ρ = ρ[ν, d], the output Φ(ρ) has the following covariance matrix and displacement:
whered is a 2n dimensional real vector, K, M are 2n × 2n real matrices satisfying
So we write a Gaussian channel as Φ = Φ(K, M,d).
The form of the multi-mode incoherent Gaussian operations were described implicitly in [20] without any proof. However, to obtain a characterization of GCBCs, we need formulate the multi-mode incoherent Gaussian operations exactly. We do this in the following lemma.
Note that, for any 2 × 2 real orthogonal matrix O, we have O 0 1
G C if and only ifd = 0 and there exists a permutation π on {1, 2, ..., n} such that
where P π is the n × n permutation matrix corresponding to π, O i s are some 2 × 2 orthogonal matrices and λ i ≥ 
be the Gaussian channel from the ith mode into the π(i)th mode
is an incoherent Gaussian channel between ith and π(i)th one-mode systems by [20, Theorem 2] . Then the following corollary is obvious. 
Proof of Lemma 2.1. Noting that a single-mode Gaussian state is incoherent (thermal) if and only if it has a diagonal covariance matrix, zero displacement and squeezing; and every n-mode Gaussian incoherent state is a tensor product of singlemode Gaussian incoherent states ( [19] , [20] ). Then, for any n-mode Gaussian channel
, it is obvious thatd = 0. Write K = (A ij ) n×n and M = (M ij ) n×n with A ij , M ij are 2 × 2 real matrices. Note that an n-mode incoherent Gaussian state ρ has the covariance matrix
Since Φ maps arbitrary incoherent states to incoherent ones, we have that, for each set
corresponding to an input incoherent Gaussian state, there exist a set
corresponding to the output state such that
Furthermore, by the arbitrariness of (r 1 , . . . , r n ), we must have
and
for some real numbers m k , t kj and 2 × 2 orthogonal matrix O kj j = 1, 2, . . . , n. Thus by
Therefore there exists a permutation π of (1, 2, . . . , n) so that j k = π(k).
and let P π be the n × n permutation matrix corresponding to π. We can describe the structures of K = (A ij ) n×n and M as
and this holds if and only if λ i ≥ 
, where π is a permutation of (1, 2, . . . , n), O i s are some 2 ×2 orthogonal matrices and
which clearly sends every n-mode Gaussian incoherent state to an n-mode Gaussian incoherent, completing the proof.
Remark. By the proof of lemma 2.1, it is ease to get a characterization of the a Gaussian channel Φ = Φ(K, M,d) sends every product Gaussian state into a product Gaussian state if and only if there exists a a permutation π on {1, 2, ..., n} such that 8) which implies that Φ(ρ) is a product state.
Next we give a characterization of n-mode GCBCs which reveals that a Gaussian channel is coherence-breaking if and only if it collapses to a Gaussian incoherent state. 
for some 2×2 real orthogonal matrices O i and real numbers t i and λ i ≥ . As t i = 0 in Eq (2.11), taking c = 0 and a = b leads to cos 2 θ = sin 2 θ, that is, cos θ = ± sin θ. Thus (b − a) cos θ sin θ is always zero in Eq (2.11). Taking a = b, we get either cos θ = 0 or sin θ = 0. It follows from cos θ = ± sin θ that cos θ = sin θ = 0, a contradiction.
Similarly, if O i has the second form, one can also get a contradiction.
In summary, t i = 0 for all i and hence K = 0. We complete the proof. Now let us turn to considering the relationship between some known classes of Gaussian channels. A picture about inclusion relations between GCBCs, GPPTCs, GEBCs, GCQCs and GQCCs will be shown. Without loss of generality, in the remained part of the section, we assume that all Gaussian channels involved have zero displacement vectors.
We begin by recalling the definitions of several kinds of Gaussian channel. 
Moreover, Φ is a GPPTC if and only if
Holevo ([23, 24] ) showed that Φ(K, M,d) is a GCQC if and only if K∆K T = 0. A direct observation and Theorem 2.3 reveal that
EB . In summary, we have Proposition 2.4. The following inclusion relations are true.
(2.12)
Property of GCBCs with assistant entanglement inputs
Next we are interested in the Gaussian coherence breaking channels with assistant entanglement inputs. Such property is helpful to understand relative problems on channel capacities ([23]- [37] ). Without loss of generality, we assume that the Gaussian channels in this section are those with zero displacement. We first present an observation as follows.
Theorem 3.1 For any Gaussian channel Ψ on a system H E and any n-mode Gaussian coherence breaking channel Φ on a system H A , Φ⊗Ψ(ρ AE ) is always a product state for any input Gaussian state ρ AE on the composite system H A ⊗ H E .
Proof. Suppose Ψ = Ψ(X Ψ , Y Ψ ) and ρ AE has the CM A C C T E . Then the output Φ ⊗ Ψ(ρ AE ) has the CM v out of the form
where λ i is the eigenvalue of thermal state in the ith mode of the system A. It follows
The observation says that the set of GCBCs is a proper subset of the set of GEBCs.
In order to link to applications in the theory of channel capacities, it is needed to discuss the property of the k-tensor-product for GCBCs and arbitrary channels with entangled inputs.
Suppose that the Gaussian channel Ψ has the form Ψ(X Ψ , Y Ψ ) with the zero displacement vector and Φ ⊗ Ψ acts on bipartite system H A ⊗ H B . It follows that the Gaussian channel (Φ ⊗ Ψ) ⊗k can be described based on covariance matrices of input states as follows
is the covariance matrix for input states of Φ⊗Ψ, ω i is the eigenvalue of thermal state in the ith mode of the system A. It follows that the CM ν out of the output state
Without loss of generality, write ν mod = (m ij ) the modulation covariance matrix for the Gaussian channel (Φ ⊗ Ψ) ⊗k (for example, see [31] , [34] ). Similar to the above discussion, we have that the modulated output state has the covariance matrixν out of the form
where ν ′ mod is the submatrix of ν mod corresponding to B. Recall that the capacity of quantum channels is a core topic in quantum information theory, and the additivity question for channel capacity arises from the following one: whether or not the entangled inputs can improve the classical capacity of quantum channels ( [22] - [37] ). The classical χ-capacity of a channel Φ is defined as
where S denotes the quantum entropy. The classical capacity C(Φ) is defined by
If Φ is a Gaussian channel, its Gaussian classical χ-capacity is defined as
where the input ρ(ω) is n-mode Gaussian state,ρ = µ(dz)ρ(z) is the so-called averaged signal state, µ is a probability measure. Note that the right side of Eq (3.4) may be infinite. It is obvious that the Gaussian classical capacity is a lower bound of the classical capacity. The additivity of channel capacity can be described as
where Φ and Ψ are channels and C denotes the channel capacity ( [35] ). The additivity of classical capacity for GEBCs had been discussed in ( [26] , [27] ). Here, we are interested in giving a shorter proof of the additivity of classical capacity of the tensor product of a GCBC with a Gaussian channel. For the Gaussian channel Ψ of the form Ψ(X Ψ , Y Ψ ) and the GCBC Φ, it follows from (3.1) that
= kS(Φ(ρ A )) + kS(Ψ(ρ E )) − kS(Φ(ρ A )) − kS(Ψ(ρ E )) = kC χ (Φ) + kC χ (Ψ).
It follows that the Gaussian classical capacity and Gaussian classical χ-capacity are both additive for the tensor product of a GCBC and arbitrary a Gaussian channel.
Conclusion
(Need rewrite) We have give a complete characterization of arbitrary n-mode Gaussian coherence breaking channels (GCBCs), which constitute a proper subclass of Gaussian entanglement breaking channels. Indeed, Gaussian coherence breaking channels have more rigorous properties, comparing with Gaussian entanglement breaking ones.
A obvious witness is our observation that the tensor product of a GCBC and arbitrary a Gaussian channel maps all input states into product states. We also establish the inclusion relations among GCBCs and other common kinds of Gaussian channels.
Furthermore, we discuss the property of the k-tensor-product of GCBCs and arbitrary channels with entangled inputs, and show a simple application in the research on the theory of the channel capacity.
